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Transactions (continued).
Pisa :—Societd Toscana di Scienze Naturali. Atti. Vol. IX. 8vo.
Pisa 1888 5 Processi Verbali. 1888. Luglio. 8vo. [Pisa.]
The Society.
St. Petersburg:—Académie Impériale des Sciences.  Bulletin.
Tome XXX1I. Nos. 2-4. 4to. St. Pétersbourg 1888; Mémoires.
Tome XXXVI. Nos. 1-5. 4to. St Pétersboury 1888; Reper-
torium fiir Meteorologie. Bd. XI. 4to. St. Pétersbourg 1888,

The Academy.
Santiago :—Deutscher Wissenschaftlicher Verein. Verhandlungen.
Heft 6. 8vo. 1888. The Verein. .

Stockholm :—Kongl. Svenska Vetenskaps-Akademie. Ofversigt.
j\rg. XLV. No. 5-7. 8vo. Stockholm 1888; Handlingar.
Bd. XX. Mifte 1-2. 4to. Stockholm 1884. Bd. XXI.
Hiifte 1-2. 4bo. Stockholm 1887 ; Lefnadsteckningar. Bd. II.

Hifte 3. 8vo. Stockholm 1885. Carl von Linnés Brefvexling. -

Férteckning af E. Ahrling. 8vo. Stockholn 1885.

The Academy,

Observations and Reports.
Berlin :—Konigl. Preuss. Geoddtisches Institut. Gradmessangs-

Nivellement zwischen Anclam und Cuxhaven. 4to. Berlin -

1888, The Institute.
Dorpat :—Sternwarte.  Meteorologische Beobachtungen. 1888.
Jannar—Februar. 8vo. Dorpat. The Observatory.

Dun Echt :—Observatory. Circulars. Nos. 157-164. 4to. [Sheet.]

The Earl of Crawford, F.R.S.
Holland :—Nederlandsche Rijkscommissie voor Graadmeting en
Waterpassing.  Uitkomsten der Rijkswaterpassing. 4to.
’sGiravenhuge 1888.
Centralbureau der Internat. Krdmessung, Berlin.
Hongkong :—Observatory. Observations. 1887. Folio. Honglons
1888. , The Observatory.
India :—Geological Survey of India. Records. Vol. XXI. Parts 2-3.
8vo. Calcutta 1888. The Survey.
International :—Association Géodésique Internationale. Comptes
Rendus.  Session 1887. 4to. Berlin 1888. Supplément. 4to.
[ Florence 1888.]
Centralburean der Internat. Krdmessung, Berlin.
London :—IHydvographic Department, Admiralty. Deep-sea Sound-
ings and Serial Temperature Observations obtained in the
Indian Ocean, 1887. Folio. [Sheet.] 1888.
The Depurtment.
Meteorological Office. Observations at Stations of the Second
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vations, &o. (continued). , -
Order. 1884. 4to. London 1888; Daily Weather Reports. 1888.

January to June. 4to. London. The Office.
Nautical Almanac Office. The Nautical Almanac for 1892.
8vo. London 1888. The Office.”

Madrid :—Observatorio. Observaciones Meteoroldgicas. 1583-85.
Svo. Mudrid 1887-88. . The Observatory.

December 20, 1888.

- Professor G. G. STOKES, D.C.L., President, in the Chair.

The Presents received were laid on the table, and thanks ordered

“tor them.

The following Papers were read :—

»

L «“Co-relations and their Measurement, chiefly from Anthropo-

metric Data.” By Francis GantoN, F.R.S. Received
December 5, 1888.

- " Co-velation or correlation of structure” is a phrase much used in
biology, and not least in that branch of it which refers to heredity, and
the idea is even more frequently present than the phrase; but I am
not aware of any previous attempt to define it clearly, to trace its
mode of action in detail, or to show how to measure its degree.

-+ Two variable organs are said to be co-related when the variation of
the one is accompanied on the average by more or less variation of
the other, and in the same direction. Thus the length of the arm is
said to be co-related with that of the leg, because a person with a
long arm has usually a long leg, and conversely. If the co-relation be '

‘close, then a person with a very long arm would nsually have a very
long leg; if it be moderately close, then the length of his leg would
~usually be only long, not very long ; and if there were no co-relation
at all then the length of his leg would on the average be mediocre,

It is easy to see that co-relation must be the consequence of the

variations of the two organs being partly due to common causes. If
;jthey were wholly due to common causes, the co-relation would be =
perfect, as is approximately the case with the symmetrically disposed .
parts of the body. If they were in no respect due to common causes,
the co-relation would be nil. Between these two extremes are an

endless number of intermediate cases, and it will be shown how the w
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closeness of co-relation in any particular case admits of being expressed
by a simple number, '

To avoid the possibility of misconceptién, it is well to point out

that the subject in hand has nothing whatever to do with the
average proportions between the various limbs, in different races,
which have been often discussed from early times up to the present day,
both by artists and by anthropologists. The fact that the average
ratio between the statnre and the cubib is as 100 to 37, or thereabouts,
does not give the slightest information abous the nearness with which
they vary together. Tt would be an altogether erroneous inference to
suppose their average proportion to be maintained so that when the
cubit was, say, one-twentieth longer than the average cubit, the
stature might be expected to be one-twentieth greater than the
average stature, and conversely. Such a supposition is easily shown
to be contradicted both by fact and theory. : )

The relation between the cubit and the stature will be shown to be
such that for every inch, centimetre, or other unit of absolute length

that the cubit deviates from the mean length of cubits, the stature -

will on the average deviate from the mean length of statures to the
amount of 2:5 units, and in the same direction, Conversely, for each
unit of deviation of stature, the average deviation of the cubit will be
026 unit.  These relations are not numerically reciprocal, hut the
exactness of the co-relation becomes established when we have trans-
muted the inches or other measurement of the cubit and of the
stature into units dependent on their respective scales of variability.
We thus cause a long cubit and an equally long stature, as compared
to the general run of cubits and statures, to be designated by an
identical scale-value. The particular unit that I shall employ is the
value of the probable ervor of any single measure in its own group,
In that of the cubit, the probable error is 0°56 inch = 149 cm, ;
in the stature it is 1475 inch = 4-44 cm. Therefove the measured
lengths of the cubit in inches will be transmuted into terms of a new
scale, in which each nnit = 0-56 inch, arid the measured lengths of the
stature will be transmuted into terms of another new scale in which
each unit is 1'75 inch. After this has been done, we shall find the
deviation of the culit as compared to the mean of the corresponding

deviations of the stature, to be as 1 to 0'8. Conversely, the deviation -

of the stature as compared to the mean of the corresponding deviations
of the cubit will also be as 1 to 0'8. Thus the existence of the co-relation
is established, and its measure is found to be 0'8.

Now as to the evidence of all this. The data were obtained at my
anthropometric laboratory at South Kensington. They are of
350 males of 21 years and upwards, but as a large proportion of them
were students, and barely 21 years of age, they were not wholly full-
grown ; but neither that fact nor the small number of observations is
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Vi;rejudicial to the conclusions that will be reached. They were '

measured in various ways, partly for the purpose of this inquiry. It
will be sufficient to give some of them as examples. The exact number

of 350 is not preserved throughout, as injury to some limb or other
- reduced the available number by 1, 2, or 8 in diﬁgx-ont cases. A’fteir
- marshalling the measures of each limb in the order of their magni-

tudes, I noted the measures in each series that occupie?d' res;vectivgly
the positions of the first, second, and third quarterly divisions. Cz%lhn.g
these measures in any one series, Q;, M, and Q,, I take M, which is
the median or middlemost value, as that whence the deviations are
to be measured, and £{Q;—Q,} = Q, as the probable error of any
single measuve in the series. This is practically the same as saying .
that one.half of the deviations fall within the distance of +Q
from the mean value, because the series run with fair symmetry. In
this way I obtained the following values of M and @, in which the
second decimal must be taken as only roughly approximate. The
M and Q of any particular series may be identified by a suffix, thus

M, Q. might stand for those of the cubit, and M,, Q, for those of the

stature.
Table I.
M. Q

Inch, Centimi. |- Tnch. ! Centim,
? |
| Head length........... 762 19-35 0'19 048

Head breadth,......... 6°00 15 24 018 046

Stature. . ..o..oi.aa... .. 67 *20 17069 176 I 4 4,4‘»
i Lett middle finger...... 454 11°53 015 | 038
P Teft oubit, ..., 1805 | 45°70 0°56 | 142
! Height of right knee.. .. 20°50 5200 0-80 | 203

Norgr.--The head length is its maximum length measured from the notch
between and just below the eyebrows. The cubit is measured with the hand prone

“and without taking off the coat; it is the distance between the elbow of t;he. btsnt

. left arm and the tip of the middle finger. The height of the knee is taken sitting

“.when the knee is bent at right angler, less the measured thickuess of the heel of
the boot.

a

Tables were then constructed, each referring to a different pair of
the above elements, like Tables. II and III, which will suffice as

.examples of the whole of them. It will be understood that the Q

value is a universal unit applicable to the most varied measurements,

- such as breathing capacity, strength, memory, keenness of eyesjght, and
~ enables them to be compared together on equal terms. notwithstand-

_ing their intrinsic diversity. It does not only refer to measures of
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between 695 and 70-4 inches ; that of 69 includes all between 685
and 694, and so on, ‘

The values derived from Table I1, and from other similar tables,
are entered in Table 11T, where they occupy all the columns up to
the three last, the first of which is headed ‘ smoothed.” These
smoothed values were obtained by plotting the observed values,
after transmuting them as above deseribed into their respective
Q units, upon a diagram such as is shown in the figure. The
deviations of the “subject” are measured parallel to the axis of
y in the figure, and those of the mean of the corvesponding values
of the “relative” are measured parallel to the axis of . When the
stature is taken as the subject, the median positions of the correspond-
ing cubits, which are given in the successive lines of Table I1I, are
marked with small circles.  When the cubit is the subject, the mean
positions of the corresponding statures are marked with * crosses.
The firm line in the figure is drawn to represent the general run of the
small circles and crosses. It is here seen to be a straight line, and it
was similarly found to be straight in every other figure drawn from
the different pairs of co-related variables that I have as yot tried.
But the inclination of the line to the vertical differs considerably in
different cases. In the present one the inclination is such that a
deviation of 1 on the part of the subject, whether it be stature or cubit,
is accompanied by a mean deviation on the part of the relative, whether
1t be cubit or stature, of 0°8. This decimal fraction is consequently
the measure of the closeness of the co-relation. We easily retrang-
mute it into inches. 1f the stature be taken as the subject, then Q, is
associated with Q. x 08 that is, a deviation of 1'75 inches in the
one with 056 X 0'8 of the other. This is the same as 1 inch of
stature being associated with amean length of cubit equal to 0°26 inch.
Conversely, if the cubit be taken as the subject, then Q. is associated
with Q,x 0'8; that is, a deviation of 0-56 inch in the one with
I'75x 08 of the other. This is the same as 1 inch of cabit being
associated with a mean length of 25 inches of stature. If centi-
metre be read for inch the same holds true.

Six other tables are now given in a summary form, to show how
well caleulation on the above principle agrees with observation.

[Dec. 20,
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Table TV.
Mean of corresponding | Mean of corresponding
No. | Length statures. No. lengths of head.
of of of . | Height.
cnses. | head. onses.
Observed. | Caloulated. | Observed. | Caloulated.
i
32 7-90 685 68-1 26 705 772 778
41 780 67 *2 678 30 695 770 772
46 770 676 675 50 685 765 768
52 760 667 672 49 675 765 764
58 750 668 668 56 665 757 760
34 740 660 665 43 655 7-57 769
26 7-30 667 662 31 645 754 765
| !
| Mean of correspondin . .
N | lengths of %2& d N Length Mean Oslitrul;if;pondmg
a0, ’ Y 0. & .
¢ | Weight. middle finger. of of left
of g | middle ;
| cases. cuges finger. |
Observed. | Calculated. i Observed. | Calenlated.
30 705 471 474, 23 480 702 69 4
50 695 455 468 49 470 68-1 685~
37 68 5 457 462 62 460 680 677
(i34 675 4568 456 63 4560 678 669
45 665 450 450 57 4+40 660 661
37 65°5 447 444 35 430 657 6638
20 645 433 438
: Mean of correspondin:
Mean of corresponding orresponding
No. Left lengths of left cubit. No. | Length length (}f l’efh mlddlg
of | middle of of left inger.
enses. | finger. cases. | cubit, |~ B B
Observed. | Cnlculated. Observed. | Caloulatod
23 480 18-97 18 -80 29 1900 476 475
50 470 1855 1849 32 1870 404 469
62 460 1824 1818 48 18°40 460 462
82 450 1800 1787 70 18-10 456 458
57 440 1772 1755 37 17 '80 & 49 448
34 430 17-27 1724, 31 1750 4-40 441
28 17 -20 437 434
24 | 16°90 | 432 428
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Table IV-—continued.

1“”—“—-'-————-—7-_ e
Mean of corresponding | | Mean of corresponding
No. | Length breadths of head. } No. 1 Breadth | lengths of head.
of of e | of | of [ e
cases. | head. ' cages, | head. |
Observed. Calculated.| Observed. | Caleulated.
i
——— . — - | — —
82 | 700 | g 612 | 27 | 680 | 7ep 784
41 | 780 605 6-08 36 | 620 | 772 775
46 70 | 6114 604 53 6°10 7-65 765
52 760 598 600 58 6-00 768 7-60
58 750 598 5-96 56 590 750 755
34 740 506 591 37 580 I 755 750
26 730 | 585 587 30 570 | 745 1 746
. ! L
Mean of corresponding Mean of corresponding
No. heights of knee, No. | Height statures.
of | Stature. e of of . .
cages. ! cases. | knee.
Observed. | Caleulated. Observed. Calculuted.;
— __5 _ !
30 700 217 217 23 222 705 706
50 690 21-1 218 32 217 698 69°6
38 680 207 209 50 212 687 686
61 670 205 205 68 207 673 67 -7
49 66 -0 202 201 74 202 66 -2 66 -7
36 65 -0 19-7 197 41 197 655 66 -7
( I 26 19-2 643 647 ]
|
‘ T Jl | 5
| | Mean of corresponding | Mean of corresponding
No. | Left heights of knee. | No, Height left cubit.
of A Al of of ]
cubit. ;
cuses, || cases. | knee. | ‘ .
; Observed. Oulculated.i’ Observed. | Calculated,|
I . f -
29 190 215 216 [ 23 2225 18+908 18-97
32 187 21 4 212 30 2175 1568 1870
a8 | 184 208 209 52 2125 1838 18 44
70 1171 | 207 206 69 | 2078 1815 18-17
87 | 178 | 204 202 70 | 20025 | 1775 | 17-90
31 | 175 200 19°9 41 | 1975 | 17°65 | 17-63
28 ; 172 ) 198 19-6 27 1925 17-02 17-36
23 | 169 193 192
I

e e e S i

From Table IV the deductions given in Table V can be made ; but
they may be made directly from tables of the form of Table 111, whence
Table IV was itself derived. :

When the deviations of the subject and those of the mean of the
relatives are severally measured in units of their own (), there is
always a regression in the value of the latter. This is precisely

;1888.] * Co-relations and their Measurement.

~ Table V.
Tn wits of Q.| 1% whita of ondinary
Subject. Relative. e
V(1= | As1
Ha = f. to S
i
|
Stature ........| Cubit .......... } . | s { 026 045
Cubit..........| Stature...... RNt 14
Stature ........| Hend length..... } P { 0°38 1:68
Hend length,...| Stature......... 035 093 32 0-17
Stature ........| Middle finger.... } 0 072 { 006 0-10
Middle finger. .. | Stature ......... 82 1-26
Middle finger...| Cubit .......... . . 3-13 034
Cubit.r r e | Middle finger. . .. } 085 | 061 { 021 | 009"
: |
Hend length....| Head breadth.... } . . { 043 0-16
Head breadth. .. | Head length. .. .. 0-45 g 089 0-48 0-17 ‘
Stature ........ Height of knee .. } . 44 { 0-41 0-35
Height of knee .| Stature ... [ 09 04 4}y | 50
i
Cubit.......... Height of knee .. } . . 114 064
Height of knee .| Cubit ..........|[ 08 | 060,41 o7 | o6

analogous to what was observed in kinshi p, as I showed in my paper
read before this Society on “H ereditary Stature” (*Roy.Soe. Proc.,’vol.
40, 1886, p. 42). The statures of kinsmen are co-related variables;
thus, the stature of the father is correlated to that of the adult son,
and the stature of the adult son to that of the futher; the stature of
the uncle to that of the adult nephew, and the stature of the adult

- nephew to that of the uncle, and so on; but the index of co-relation,:

which is what I there called regression,” iy different in the
different cases. In dealing with kinships there is usually no need
to reduce the measures to units of Q, because the ) values are alike’
in all the kinsmen, being of the same value as that of the popula-
tion at large. It however happened that the very first case that T
analysed was different in this respect. Tt was the reciprocal relation
between the statures of what I called the ¢ mid-parent ” and the son.
The mid-parent is an ideal progenitor, whose stature is the average of
that of the father on the one hand and of that of the mother on the other,
after her stature had been transmuted into its male equivalent by the
multiplication of the factor of 1:08. The Q of the mid-parental statures
was found to be 1-2, that of the population dealt with wag 1-7. Again,
the mean deviation measured in inches of the statures of the sons was
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found to be two-thirds of the deviation of the mid-parents, while the

mean deviation in inches of the mid-parent was 6ne-third of the devia-
tion of the sons. Here the regression, when caleulated in Q units, is in

¢

1 .
the first case from s to §X 17 = 1 to 0:47, and in the second case

1 ) S .
from 17 to g% 1—;]5 = 1 to 044, which is practically the same.

The rationale of all this will be found discussed in the paper on
“Hereditary Stature,” to which reference has already been made, and
in the appendix to it by Mr. J. D. Hamilton Dickson. The entries in
any table, such as Table II, may be looked upon as the valnes of
the vertical ordinates to a surface of frequency, whose mathematical

properties were discussed in the above-mentioned appendix, there-

fore I need not vepeat them here. But there is always room for
legitimate doubt whether conclusions based on the strict properties of
the ideal law of error would be sufliciently correct to be serviceable in
actual cases of co-relation between variables that conform only
approximately to that law. Tt is therefore exceedingly desirable to
put the theoretical conelusions to frequent test, as has been done with
these anthropometric data. The result is that anthropologists may
now have much less hesitation than before, in availing themselves of
the properties of the law of frequency of error.

I have given in Table V a column headed VA=) = £ The
meaning of ' is explained in the paper on *“ Hereditary Stature.” It is
the Q value of the distribution of any system of & values, as ), Zy, @y,
&c., round the mean of all of them, which we may call X, The
knowledge of f enables dotted lines to be drawn, as in the figure above,
parallel to the line of M values, between which one half of the »
observations, for each value of y, will be included. This value of I
has much anthropological interest of its own, especially in connexion
with M. Bertillon’s system of anthropometric identification, to which
L will not eall attention now.

It is nob necessary to extend the list of examples to show how to
“measuve the degree in which one variable may be co-related with the
combined effect of # other variables, whether these be themselves
co-related or not. o do so, we begin by reducing each measure into
others, each having the ¢ of its own system for a unit. We thus
obtain & set of values that can be treated exactly in the same way
as the measures of a single variable were treated in Tables IT and
ouwards. Neither is it necessary to give examples of a method
by which the degree may be measured, in which the variables in a
series each member of which is the summed. effect of n variables,
may be modified by their partial co-relation, After transmuting the
separate measures as above, and then summing them, we should find
the probable ervor of any one of them to be ~/n if the variables were

1888.]  On the Magimum Discharge througl a Pipe.

perfectly independent, and n if they were rigidly and perfectly ¢o-
related. The observed value would be almost always somewhere -
intermediate between these extremes, and would give the information
that is wanted.

To conclude, the prominent characteristics of any two co-related
variables, so far at least as I have as yet tested them, ave four in
number. It is supposed that their respective meusures have been
first transmuted into others of which the unit is in each case equal to

- the probable error of a single measure in its own series. Let y == the

deviation of the subject, whichever of the two variables may be taken -
in that capacity; and let @y, &y, w3, &e., be the corresponding devia-

tions of the relative, and let the mean of these be X. Then we find :

(1) that y = rX for all values of y; (2) that » is the same, whichever

of the two variables is taken for the subject; (3) that » is always less

than 1; (4) that » measures the closeness of co-relation.

IL « On the Maximum Discharge through a Pipe of Circular

Section when the effective Head is due only to the Pipe’s
Inclination.” By HgrNry Hennessy, F.R.S, Professor of
Applied Mathematics in the Royal College of Science for
Ireland. Received November 15, 1858.

In the paper on “Hydraulic Problems on the Cross-sections of
Pipes and Channels,”* it was shown that the greatest hydraulic mean
depth was that for a channel formed by a segment of a circle, and
bounded by an are of 257°27. It is casy to find by a similar
process the wetted perimeter of a circular pipe corresponding to the
maximum discharge when the velocity of the liguid is due only to-
the inclination of the pipe.

- Among the formule adopted by hydraulic engineers for v, the mean
velocity of liquid in a pipe whose hydraulic mean depth is u, we may
‘gelect Darcy's, which gives
al

b

k12

Uaz

b

a+

where « and b are constant coeflicients and 1 a quantity depending on
the inclination of the pipe. But as the discharge Q is the product of
the mean velocity by the area of cross-gection, we have )

Q= Auvy/(1) %rg(()—'sin())n.\/(_fh}
T V(au+d) v (au+b) ’

* ‘Roy. Soe. Froe.,” vol. 44, p. 101.




